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Introduction

Though L.E.J. Brouwer is mentioned only once in Michael Polanyi’s Personal Knowledge (footnote on
page 261) there is deep kinship between Brouwer’s philosophy of mathematics known as
Intuitionism and Polanyi’s critique of modern axiomatic mathematics as requiring intuitive
understanding of the formal systems. In both intuition plays an essential role.

Pioneer in Modern Topology

In classical mathematics, he founded modern topology by establishing, for example,

• the topological invariance of dimension and

• the fixed-point theorem.

• gave the first correct definition of dimension.

(van Atten, Mark, "Luitzen Egbertus Jan Brouwer", The Stanford Encyclopedia of Philosophy)

Mathematics circa 1900 and Polanyi’s Critique

In the late 19th and early 20th centuries, the mathematical landscape was moving toward greater
abstraction and formalization using set theory and symbolic logic. Various fields of mathematics
were being formulated as sets of axioms along with a set of inference rules and mathematical objects
were constructed as sets some finite but often infinite. This development was not without



controversy. Many prominent mathematicians (such as Poincare, Lebesgue, Borel, and Kronecker)
found the unbridled use of infinite sets defined with arbitrary predicates highly objectionable.

Polanyi’s critique of mathematics (Chapter 6 Intellectual Passions, Sections 9, 10 and 11) is
addressing the mainstream axiomatic mathematics of the first half of the 20th century:

I have said earlier on that we can understand mathematics only by our tacit contribution
to its formalism. I have shown how all the proofs and theorems of mathematics have
been originally discovered by relying on their intuitive anticipation; how the established
results of such discoveries are properly taught, understood, remembered in the form of
their intuitively grasped outline; how these results are effectively reapplied and
developed further by pondering their intuitive content; and that they can therefore gain
our legitimate assent only in terms of our intuitive approval. I have indeed shown that
all articulation depends on a tacit component of the same kind for conveying a meaning
accredited by the person uttering it. (PK 188 [200], emphases added)

Note Polanyi’s use of "intuitive" and "tacit" as essential concepts underpinning axiomatic
mathematics.

Brouwer’s Intuitionism

In early 20th century, Brouwer, who had made significant contribution in mathematics, in particular,
to the development of modern topology, proposed a fundamentally different approach to the
foundations of mathematics, rejecting the mainstream approach and re-thinking even the notion of
logic.

In his Lectures on Intuitionism presented in Cambridge, Brouwer states his First Act of Intuitionism:

Completely separating mathematics from mathematical language and hence from the
phenomena of language described by theoretical logic, recognizing that intuitionistic
mathematics is an essentially languageless activity of the mind having its origin in the
perception of a move of time. This perception of a move of time may be described as the
falling apart of a life moment into two distinct things, one of which gives way to the
other, but is retained by memory. If the twoity thus born is divested of all quality, it
passes into the empty form of the common substratum of all twoities. And it is this
common substratum, this empty form, which is the basic intuition of mathematics.
(Brouwer 1981, 45, emphases added)



(N.B. His second Act introduces ways to construct infinite sequences and will not be considered
here.)

What is striking is the claim that "intuitionistic mathematics is an essentially languageless activity of
the mind". To Brouwer all mathematical objects are constructions of the human mind and exist only
in the mind of the "creative subject". Intuition, in the ordinary sense, comes first, and any
formalization into a mathematical language comes later. Though useful for communicating with
others, but will always be limited in how well it represents the intuitive internal concepts.

Due to the resistance from the mathematical community, especially by such notable mathematicians
like David Hilbert, before long, parts of intuitionistic mathematics was formulated in more
conventional ways. The logical part was formalized and shown to be similar to classical logic except
for the main difference that the law of the excluded middle (LEM) was not acceptable. As such, this
form of intuitionism could be studied along side other approaches without any foundational
conflicts. The second half of the 20th century saw a flurry of activities in constructive mathematics
and application of intuitionistic logic in constructive proofs and reasoning about computer
programs.

Languageless Activity of the Mind

From a Polanyian perspective, what is most intriguing about his First Act is that "mathematics is an
essentially languageless activity of the human mind". This seems to be the application of Polanyi’s
maxim "we know more than we can tell" to mathematics.

In Polanyi’s analysis (quoted above) he asserts that any formal system rests on an irreducible
personal, intuitive foundation that cannot be fully articulated. This tacit dimension plays the role of
a semantic field where formal language gets its meaning.

Can we identify the languageless activity of Brouwer with the intuitive foundation of Polanyi?

Clearly they are similar in rejecting the view that mathematics can be formalized and understood
objectively.

How Brouwer Supports Polanyi

For Brouwer, the human mind is capable of creating and reasoning about highly complex
mathematical objects without language and any formalization limits what is possible.

Had Polanyi been aware of Brouwer’s philosophy of mathematics, his critique of mathematics
might have introduced Brouwer’s intuitionism in support of the tacit dimension of mathematics
that is personal and pre-linguistic mental constructions and intuitions that cannot be fully captured
by formal language, axioms, or explicit rules.

Brouwer’s intuitionism also demonstrates in mathematical practice what Polanyi describes
theoretically: that mathematical progress relies on inarticulable personal intuitions and
constructions that formal systems presuppose but cannot replace. It vindicates the tacit dimension
by treating intuition not as a flaw to be eliminated, but as the living source of mathematics—making
explicit knowledge possible only against a background of tacit mental activity.



How Polanyi Supports Brouwer

Apart from the critique of formalization of mathematics (quoted above), Polanyi’s emphasis on the
importance of the intuitive tacit understanding provides Brouwer with the epistemological grounding
where mathematics is an intuitive, constructive activity. Formal rigor is valuable but secondary.
Without tacit knowledge, intuitionism’s emphasis on languageless mental construction would lack
its deeper justification, of how something languageless can be articulated and communicated to
another mind. With it, Brouwer would have had a better defense of the intuitive and personal
aspect of intuitionistic mathematics and not let it be formalized so early and lose its distinction.

"Pre-Mature Formalization Inhibits Creation of New Mathematics"

The lessons from Polanyi and Brouwer are:

• Dwell in the tacit dimension (of mathematics) and develop intuition.

• Formalize what is well understood.

• Be OK with informal language.

• Adapt the logic to suite the mathematical objects.

– Eg. infinitesimals require intuitionistic logic

• If paradoxes arise, return to intuitive ideas and reformulate.

• Lessons for teaching mathematics:

– Dwell on the original intuitions through apprenticeships.

Footnote Mentioning Brouwer

Brouwer is mentioned once in Personal Knowledge p261n: L.E.J.Brouwer agrees with Poincare on
this. See H.Weyl, Philosophy of Mathematics and the Natural Sciences, Princeton, 1949, p. 51.
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